It is well known that convergence rate of finite element approximation is suboptimal in the L 2 norm for solving biharmonic equations when P 2 or Q 2 element is used. The goal of this paper is to derive a weak Galerkin (WG) P 2 element with the L 2 optimal convergence rate by assuming the exact solution sufficiently smooth. In addition, our new WG finite element method can be applied to general mesh such as hybrid mesh, polygonal mesh or mesh with hanging node. The numerical experiments have been conducted on different meshes including hybrid meshes with mixed of pentagon and rectangle and mixed of hexagon and triangle.
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where Δ is the Laplacian operator, = (x) and = (x) are given functions defined on the boundary of the domain Ω. Assume that Ω ∈ R d with d = 2, 3 is a polygonal/polyhedral domain.
When applying the conforming or nonconforming finite element methods to the biharmonic equation, if the solution is smooth enough, the optimal order of convergence would be obtained in both H 2 and the L 2 norms, except the minimum polynomial degree elements, that is, P 2 or Q 2 elements, cf. [1] [2] [3] [4] [5] . The optimal order of approximation for P 2 elements is 3 in the L 2 norm. However, by the standard duality argument, the proved order of convergence for the P 2 elements is only 2, in the L 2 norm. Normally, when P k element is used to approximate solution of biharmonic equation, the convergence rate of the energy norm (H 2 equivalent) is O(h k − 1 ). In order to achieve the optimal L 2 convergence rate O(h k + 1 ), one needs to gain of additional O(h 2 ) in duality argument. This requires k ≥ 3. That is why a suboptimal L 2 convergence rate is observed when k = 2 for the most of finite element methods.
For a long time, people attempt to find an implementation and a proof for the P 2 Morley element so that it converges at the optimal order O(h 3 ) in the L 2 -norm. It is concluded by Hu and Shi [6, 7] with a proof of a low-bound that the maximal order of convergence of the P 2 or Q 2 conforming and nonconforming finite elements is only O(h 2 ). Suboptimal convergence rate in the L 2 norm for P 2 element is also observed for discontinuous Galerkin finite element methods [8] [9] [10] [11] .
The weak Galerkin (WG) finite element method was first introduced in [12, 13] for second order elliptic equations. The novelty of the WG method is introducing weak function and weak derivative to finite element procedure. Degrees of freedom of weak functions are set in element interior and on element boundary. Then weak derivative is defined for weak functions. Weak functions and weak derivative can be approximated by polynomial with different degrees which may not be related. For example, in the standard finite element method, Δv ∈ P 0 (T) if v ∈ P 2 (T). However in WG finite element method, for a P 2 weak function v, its weak Laplacian Δ wv can be a polynomial of degree = 0, 1, 2. This feature along with others make WG method highly flexible.
Various WG finite element methods have been developed for biharmonic equations [14] [15] [16] [17] . For all these WG methods, if v is a P 2 weak function, its weak Laplacian Δ wv is defined to be P 0 polynomial as acting by the standard Laplacian. Like other finite element methods, continuous or discontinuous, suboptimal O(h 2 ) convergence rate in the L 2 norm is reported for the P 2 WG elements for all these WG methods.
The goal of the paper is to design a new WG finite element method which uses P 2 WG element but has the optimal convergence rate O(h 3 ) in the L 2 norm. In order to achieve such a goal, we take the advantage of WG method in free choosing degree of polynomial for weak Laplacian. Unlike the other WG methods [14] [15] [16] [17] , we choose P 2 polynomial in computing weak Laplacian in our method, that is, a weak Laplacian of a P 2 weak function is also P 2 polynomial, which is possible in WG method. This novel modification gives the method necessary edge of approximation power in duality argument to produce a WG solution with the optimal L 2 convergence rate. Weak Laplacian is a local operator computed on each element. Increasing the degree of polynomial for weak Laplacian will not change the number of global unknowns. In addition, the optimal order convergence is achieved not only on triangular/tetrahedral meshes, but also on any polytopal meshes. Numerous tests are presented verifying the theory.
WG FINITE ELEMENT SCHEMES
Let  h be a partition of the domain Ω into polygons in two-dimensional or polyhedra in three-dimensional. Assume that  h is shape regular in the sense as defined in [13] . Denote by e an edge or a flat face of an element T in  h . As usual, (⋅, ⋅) T denotes the L 2 inner product on T, and ⟨⋅, ⋅⟩ T is the L 2 inner product on d -1 the dimensional faces of T. ‖⋅‖ T and ‖⋅‖ T are the L 2 norms.
We can define a finite element space V h as follows,
where v b is single-valued on e, one d -1 dimensional face of T, and
For each element T, denote by Q 0 the L 2 projection onto P 2 (T). For each edge/face e ⊂ T, denote by Q b and Q g the L 2 projections onto P 2 (e) and [P 2 (e)] d , respectively. Let u ∈ H 2 (Ω) be the true solution of (1.1)-(1.3). We define a projection of u into the finite element space V h such that on each element T,
on Ω and the following equation:
The following lemma implies the well-posedness of the WG finite element formulation (2.2).
Lemma 2.1
For any v ∈ V 0 h , let |‖v |‖ be given as follows
Then, |‖ ⋅ |‖ defines a norm in V 0 h .
Proof.
We only need to verify the positivity for the semi-norm |‖ ⋅ |‖. Assume that
We will show that Δv 0 = 0 on each element T. For any ∈ P 2 (T), we use Δ w v = 0 and the definition (2.1) to obtain
where we have used the fact that v 0 − v b = 0 and ∇v 0 − v g = 0 on T in the last equality. Equation (2.4) implies that Δv 0 = 0 on each element T. Together with v 0 = v b and ∇v 0 = v g on T, we have that v is a smooth harmonic function on Ω. The boundary conditions of v b = 0 and v g ⋅ n = 0 imply that v ≡ 0 on Ω, which completes the proof. ▪
The following commutative property for the Laplacian Δ and the weak Laplacian Δ w plays an important role in error analysis.
Proof. For any ∈ P 2 (T), we have that
which implies the identity (2.5). ▪
ERROR ESTIMATES
The goal of this section is to establish error estimates for the WG finite element solution u h of (2.2). For any function ∈ H 1 (T), the following trace inequality holds true (see [13] for details):
Error equation
First, define an error function between the finite element solution and the L 2 projection of the exact solution as follows:
We will develop an equation satisfied by e h in the following lemma. 
Proof. Using (2.1), integration by parts, and (2.5), we have
Using the integration by parts and the fact that v g ⋅ n and v b vanishes on Ω, we have
Combining the above equation with (3.3) leads to
Adding s(Q h u, v) to both sides of the above equation gives
Subtracting (2.2) from (3.4) yields the following error equation
This completes the proof of the lemma. ▪
Error estimate in H 2 equivalent norm
The following is an estimate for the error function e h in the triple-bar norm |‖ ⋅ |‖. Using the Cauchy-Schwarz inequality and the trace inequality (3.1), we have
Similarly, it follows from the Cauchy-Schwarz and (3.1) that 
Error estimate in the L 2 norm
We will establish an estimate for the error function e h in the standard L 2 norm. Consider the following dual problem 
Proof. Testing (3.11) with the error function e 0 on each element and then using integration by parts, we obtain
where we have used the facts that e b and e g ⋅ n vanish on the boundary of Ω. Using (3.3) with w in the place of u, we can rewrite the above equation as follows:
Next, we have from the error Equation (3.2) that
Combining the above two equations we obtain
Each of the six terms on the right-hand side of (3.16) can be bounded by using the Cauchy-Schwarz inequality and the trace inequality (3.1) as follows.
For the first term, we have
We have for the second term
18)
and for the third term
(3.20)
We can estimate the fifth term in the right-hand side of (3.16) as follows:
21)
and for the last term, Using the regularity estimate (3.14) we arrive at
which completes the proof. ▪
NUMERICAL RESULTS
In this section, three numerical experiments will be considered to validate our theoretical results in the previous sections. We shall perform the WG method (2.2) on triangular meshes, rectangular meshes, pentagonal meshes and hexahegonal meshes, cf. Figure 1 . Denote the mesh size as h. 
Test 1
Let Ω = (0, 1) 2 and the right-hand side function f be chosen such that the exact solution can be taken as
The numerical performance of WG algorithm (2.2) is reported in Table 1 . We applied the quadratic WG element in the calculation. It can be observed that the errors measured in the norm |‖u h − Q h u |‖ and ‖ ∇ (u 0 − Q 0 u)‖ converge at the order (h 2 ), which confirms our theoretical conclusions. Moreover, the error measured in the L 2 -norm ‖u 0 − Q 0 u‖ has the optimal rate in convergence at (h 3 ). 
Test 2
Let Ω = (0, 1) 2 and the right-hand side function f be chosen such that the exact solution can be taken as u = sin 2 ( )sin 2 ( ). In the second numerical test, we perform the WG algorithm with quadratic element in the computation. The error profiles and convergence results are reported in Table 2 . Again, the optimal rates of convergence are validated for the errors measured in H 1 -norm and L 2 -norm.
Test 3
Let Ω = (0, 1) 2 and the Dirichilet boundary values and the right-hand side function f be chosen such that the exact solution is
The solution has nonhomogeneous boundary conditions and does not satisfy our assumed H 5 condition. The solution is in space H 2 + 2/3 − . The results reported in Table 3 show the convergence orders for the triple-bar norm is (h 2∕3 ). For the problem, the standard conforming finite element method would converge at this maximal order, 2/3, in H 2 -norm. However, the numerical orders of convergence of this WG method, in H 1 and L 2 norms, double those of the standard conforming finite 
